The motion and vibration of a moving body running on a complicated 3 dimensional (3D) trajectory considering an air resistance are investigated in this paper. A roller coaster is treated with here as a concrete example of moving body. The equations of motion of a roller coaster in which a trajectory and a vehicle are coupled are derived by using differential algebraic equation. In the previous paper, a roller coaster has been modeled as a one-wheel vehicle. In this paper, it is modeled as a two-wheel vehicle. The Baumgarte method is adopted for numerical stabilization. In this analysis, the influence of air resistance and rolling resistance, and the interaction between a vehicle and passengers as for a riding comfort of roller coaster are investigated. And also, the transmissibility of vibration through suspensions of roller coaster is studied in order to keep the safe security in the strength of rotating wheels and shafts. Besides, a part of simulations are compared with the experiments reported by previous paper.
Introduction
Recently a development of various kinds of amusement facilities in a play park has been advanced as a leisure time increases in a society. In this paper, a motion and vibration of a moving body running on a complicated 3 dimensional (3D) trajectory considering air resistance is investigated. As a concrete example, a roller coaster (hereafter, called as RC) which is one of popular amusement facilities is taken up.
The studies of multibody dynamics have been performed for a long time. However, dynamic behaviors of a moving body such as a roller coaster have not been necessarily investigated enough although there are some books and papers, for examples Refs. (1) ~ (3) . A roller coaster is caught as a moving body constrained in 3 dimensional trajectories in this study. The equations of motion by which a vehicle of roller coaster is coupled with a trajectory are derived using differential algebraic equation. The simulation analysis using these equations of motion is performed. In previous reports (4) ~ (6) , the vehicle of RC was modeled as a vehicle of one-wheel. However, in this paper, we model it as a vehicle of two-wheels. The stabilization method by Baumgarte (7) is adopted to solve numerical instability of a simulation analysis. And, the influence such as air resistance is investigated.
In addition, it is compared with the experiment using a real roller coaster in Refs. (4) ~ (6) . Furthermore, about the vibration response which has an influence on the riding comfort, the interaction between a vehicle and passengers is examined. Besides, for safe security in the strength of a wheel and a shaft, the transmission force of vibration to a suspension is examined. Figure 1 shows the photograph of a trajectory and vehicles of real RC as for which an experiment has been conducted. This RC has eight vehicles which are an object for a simulation analysis. Figure 2 shows the coordinate of a trajectory of RC which is constrained in a global coordinate x g -y g -z g , and s [m] means the length of a trajectory which can be obtained when it is projected on the x g -y g plane. We define s-axis for the positive direction of a length of trajectory, z-axis to be as same as z g -axis, and u-axis to be perpendicular to s and z-axes. Let us call it s-u-z coordinate. Moreover, x l -axis is defined to be for the moving direction of a vehicle in s-z plane, z l -axis to be perpendicular to the trajectory curve in s-z plane and y l -axis to be perpendicular to x l and z l -axes. Let us call it local coordinate x l -y l -z l which is fixed in a vehicle. Besides, rotation angle around y l -axis is called as pitch angle α [rad] , and rotation angle around x l -axis as cant angle β [rad] . The direction that a right-handed screw goes around is defined to be plus. 
Modeling

Fig. 1 Photo of Roller Coaster
Definition of Coordinate Axis
Modeling of Trajectory
The trajectory data of RC used in analysis are shown in Figure 3 . 
Modeling of Vehicle
The schematic view of a vehicle is shown in Figure 4 . The tire part of a vehicle is in a shape to hold a rail in y l , z l direction as understanding from Figure 4 . And, a mass which is equivalent to an unsprung mass of a vehicle is defined virtually at the point of contact between a tire and a rail, and it is called as a virtual mass point. In addition, a tire, a cabin, and a frame together are defined as a vehicle mass point. Because a tire and a suspension of RC are much harder than those of a car, the virtual mass point is connected with the vehicle mass point by a spring and damper in 3 directions. A passenger is divided into some mass points and they also are connected with a spring and damper in 3 directions. 
Analysis
Here, the dynamic behavior of a vehicle is analyzed. The RC is assumed to consist of only one vehicle in this analysis.
Analysis Model
Trajectory and Vehicle
As RC is modeled as two-wheel vehicle, the modeling of RC on a trajectory divides a virtual mass point into a front wheel part and rear wheel part as shown in Figure 5 . Following a distribution rate l 1 : l 2 as for full length of RC from the center of gravity position of a vehicle, virtual mass m 0 is divided into a virtual mass m 01 of the front wheel region and virtual mass m 02 of the rear wheel region, and the virtual mass points are settled at the front wheel region and the rear wheel region, respectively. As for a modeling of the vehicle, the vehicle mass m 1 of a vehicle mass point which is a center of gravity position is divided into a mass m 11 of the front wheel region and mass m 12 of the rear wheel region at a same distribution rate, and the vehicle mass points are settled at the front wheel region and the rear wheel region, respectively. The virtual mass point is connected with the vehicle mass point by a spring and damper of spring constant k 11 , k 12 and damping coefficient c 11 , c 12 in each x l , y l , z l direction as shown in Figure 5 . These spring constants and damping coefficients are given for each direction independently. Unlike one-wheel model of RC which has been already reported, two virtual mass points are given at front wheel part and rear wheel part, and each vehicle mass point corresponding to each virtual mass point has a flexibility of 3 directions in the x l -y l -z l coordinate system. This modeling is decided to call as a vehicle model of two-wheels for a vehicle model of one-wheel in the previous report. 
Coupling of Vehicle and Passenger
The coupled model of a vehicle and passenger can be obtained by coupling a two-wheel model shown in Figure 5 and a passenger model which is modeled newly shown in Figure 6 . Figure 6 shows a schematic view of a coupled model of a vehicle and passenger. As a passenger sits in the seat of a vehicle, the modeling is made separating into hip, abdomen, upper body and head, respectively, and a mass point is settled in each. It can be said that a mass which is lower than hip of a passenger is included in the vehicle side. A passenger is decided to take the position distributed by ratio of l 3 :l 4 for a full length of a vehicle from the front and the rear wheel part mass point. The masses of a passenger are assumed m n and are connected by a spring and damper with spring constant k n and damping coefficient c n in x l , y l , and z l direction (subscript n denotes the number of the mass points). In addition, the connection between a vehicle and hip of a passenger is also replaced by a spring and damper, and the nonlinearity such as jumping phenomena is not considered. And, the rigidity of the back of a seat can be modeled with a spring constant to be equivalent in the direction. 
Equations of Motion
The equations of motion for a virtual mass point, vehicle mass point and mass points of passenger are obtained, respectively. A virtual mass point and a vehicle mass point are defined as for a front wheel part and a rear wheel part as above mentioned.
Virtual Mass Point
As a RC treated here is driven by gravity, the equations of motion as for a virtual mass of a front wheel part and that of a rear wheel part can be obtained as follows:
where i = 1 is for a virtual mass point of a front wheel part, and i = 2 for that of a rear wheel part. And,
µ is a coefficient of rolling friction, g is a gravity acceleration. Considering a movement of a vehicle, a normal force N 0i is as follows:
As rolling resistance is proportional to mass, it is incorporated in each equation of motion. And, {f l1i } which is a force vector transmitted from other masses via a spring and damper to a virtual mass in x l -y l -z l coordinate system is expressed in the following equation.
where [C 1i ] and [K 1i ] are damping and stiffness matrices. And, [T] is a rotation matrix which change x l -y l -z l coordinate to s-u-z coordinate, and is given as follows:
where [T α ] and [T β ] are also rotation matrices. And, [T i ] with subscript i denotes the rotation matrix which is obtained by using the pitch angle and the cant angle corresponding to the position of virtual mass point i in a trajectory shown in Figure 3 . , and the equation of motion as for a vehicle mass of front wheel region is as follows, and air resistance is considered in only front wheel region contacting with fresh air.
[
where S is projection area of a vehicle. In addition, the equation of motion of rear wheel part becomes as follows:
12 12 12 2 12 ,m 1i ,m 1i ) , and m 11 is the mass of front wheel part of a vehicle, m 12 the mass of rear wheel part, and they are distributed from the total mass m 1 of a vehicle due to the position of center of a gravity with a ratio of l 1 :l 2 . And, the ratio of l 3 :l 4 denotes the position of a passenger in a vehicle. In addition, {f l2 } is a force transmitted between a hip mass point of a passenger and mass points of a vehicle, the following equation is given.
where [C 2 ] and [K 2 ] are damping and stiffness matrices. This force is distributed and transmitted into the mass point of front wheel part and rear wheel part of a vehicle due to the riding position. 
Passenger Mass Point
The equation of motion of abdomen m 3 is as follows:
The equation of motion of upper body m 4 is as follows: 
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The equation of motion of head m 5 is as follows:
where [M n ] = diag(m n , m n , m n ) (n = 2, 3, 4, 5), as for forces transmitted through a spring and damper, {f l3 } is a force transmitted between hip and abdomen, {f l4 } is a force transmitted between hip and upper body, and {f l5 } is a force transmitted between upper body and head, respectively. And, S n (n = 2, 4, 5) are projection areas of passenger mass point. [T 3 ] is also the rotation matrix of passenger mass point. Figure 3 . The constraint equation Φ 1 of the trajectory is expressed as follows.
Constraint Equations
Constraint Equations of Trajectory A trajectory is given as shown in
{ } 1 0 0 . suz q Φ =(12)
Constraint Equations of Vehicle
The constraint equation Φ 2 of a vehicle is expressed in the following by using geometric relations between a mass point of front wheel part and that of rear wheel part of a vehicle. 
where Φ 1q , Φ 2q are partial differentiation with respect to q, and α B1 , α B2 , β B1 , β B2 are parameters of Baumgarte. It is stable when α Bi >0, β Bi ≠ 0 (i = 1, 2) generally.
Numerical Simulations
Specifications of Modeling
The specifications of a vehicle and that of a passenger which are utilized in numerical simulation are shown in Table 1 , 2. Table 1 Specifications of Vehicle   Table 2 Specifications of Passenger
Stabilization by Baumgarte
The stabilization method proposed by Baumgarte (7) is adopted. As the parameters α B1 , α B2 , β B1 , β B2 should be determined to prevent RC deviating from the trajectory which is aimed for from a starting point to an arrival point, they are decided by doing parameter study. Figure 8 shows time history waves of acceleration as for a vehicle mass of front wheel region. The broken line shows a case in which a center of gravity is partial to the front wheel part side with the ratio of l 1 :l 2 =3:7, and a solid line a case to the rear wheel part side with the ratio of l 1 :l 2 =7:3. The upper figure in Figure 8 means x l direction, the middle y l direction, and the lower z l direction, respectively.
Motion and Vibration of Virtual Mass, Vehicle, Passenger
Some differences are recognized in a required time of an arrival from departure of RC, and the average speed of RC is found to increase when the center of gravity is positioned forward. It is supposed to be generated by a gravitational effect. In addition, the change as for motion and vibration of RC is not almost recognized, when the center of gravity of a vehicle is positioned at the center of a vehicle and only a passenger is positioned in the ratio of l 3 :l 4 =3:7. Besides, a comparison with one-wheel model of vehicle as for dynamic behavior of RC is not shown here. However, the difference with a two-wheel model of vehicle was small.
Next, velocity time history waves of the front wheel part are shown in Figure 9 , and displacement time history waves in Figure 10 , in conjunction with Figure 8 . Furthermore, an acceleration time history wave of body and head of a passenger is shown in Figures 11  and 12 . And, although air resistance and rolling resistance are explained later concretely, an air resistance coefficient C d assumes to be 0.9 and a coefficient of rolling friction µ to be 0.003. The z direction component of a displacement of mass m 11 of the front wheel part of a vehicle in Figure 10 (b) is found to correspond to the trajectory in Figure 3(a) . Although the horizontal axis of Figure 10 (b) is time t and the horizontal axis of Figure 3(a) is s direction, the image of trajectory is found to agree well each other.
In addition, as for the acceleration wave of each mass point of a passenger model, it is understood that harmonics of vibration decrease considerably under the influence of vibration properties of passenger by observing the acceleration wave of a vehicle from Figure 11 , 12. And, as for the air resistance which has been already explained in above-mentioned simulation, the unsteady fluid force F Dl of the drag direction in the local coordinate system is expressed as follows.
Changing an air resistance coefficient C d , the relationship between this unsteady fluid force F D l and the required time of arrival is shown in Figure 15 
Influence of Rolling Resistance
Let us consider the materials of a tire of RC polyurethane resin. Therefore, numerical simulations can be performed by estimating a rolling coefficient of friction with 0.003 which is a value of 1/100 of a sliding coefficient of friction. When the results with rolling resistance are compared with that without it, both hardly have a difference, and influence of rolling resistance is found to be very smaller than air resistance. Similarly, when an impractical big value was given for a coefficient of rolling friction, the vehicle stopped on the way. Figure 17 shows force time history waves transmitting to the axle of suspension of RC. In this case, the weight of a vehicle and passengers is partial to front wheel part with the ratio of l 1 :l 2 =3:7. In addition, transmission forces between body and head mass points of a passenger are shown in Figure 18 under the same condition as Figure 17 . 
Dynamic Load Acting on Suspensions of RC and Passengers
Conclusions
The following conclusions are obtained.
(1) A simulation analysis method on dynamics of a two-wheel model of RC as a moving body on a 3D trajectory considering air resistance is proposed by using differential algebraic equation. (2) It is understood that air resistance influences much on the vibration responses and the required arrival time compared with rolling resistance. In addition, RC stops on the way when air resistance increases, and it is understood that attention is necessary for operation of RC at the time of a strong wind. (3) The possibility of the improvement of riding comfort is shown by our proposed coupled analysis method between a vehicle and passengers. And dynamic loads to be added to the suspensions such as axles of RC could be made clear and a possibility to offer design support for a safe security in the strength of RC is shown.
